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Abstract
In this paper, we study P−V criticality for the charged accelerating AdS black hole
and determine some critical quantities. Here, we consider two different approaches as
heat capacity and thermodynamic geometry and investigate phase transition of cor-
responding black hole in nonextended and extended phase space. We show that in
canonical ensemble (fixed electric charge), the heat capacity approach give us two
types of phase transition as type one and two. Then we study thermodynamic geom-
etry of the black hole by two separate methods as thermodynamic metric and metric
independent way. By comparing the obtained results, we notice that the thermody-
namic metric approach can not describe both phase transition simultaneously and also
divergent point of Ricci scalar do’nt coincide with phase transition point for some cases.
By investigation of metric independent way we find that curvature scalar (of equilib-
rium state space geometry) is singular at the point where specific heat diverges and
this method is suitable approach to describe thermodynamic geometry of accelerating
charged black hole.
Keywords: Phase transition; Thermodynamic geometry; Weinhold metric; Rup-
peiner metric; HPEM metric.
1 introduction
One of the most important theoretical subjects of physics in recent years is the quantum
nature of gravity. There are several approaches to study the quantum gravity. For example,
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one of the interesting methods is black hole thermodynamics in AdS spacetime [1-3]. As we
know, the studies on the black hole thermodynamic are started by Hawking and Bekenstein
[4]. They clarified that all laws of black hole mechanics are same to ordinary thermodynamics
by appropriate identification of the related quantities, such as temperature, entropy, energy
and etc. The thermodynamic of black hole with presence of a negative cosmological constant
play important role in holography and AdS/CFT. On the other hand such constant treat
as pressure and its conjugate quantity as a thermodynamic volume [5-7]. From AdS/CFT
point of view, asymptotically AdS black hole spacetimes admit a gauge duality description
with dual thermal field theory. Such theory lead us to interesting phenomenon which is
called Hawking-Page phase transition [8-11]. As we know, the phase transition plays a key
role to study thermodynamical properties of a system near critical point. There are different
methods to investigate phase transition. One of the such approaches is studying the behavior
of the heat capacity in different ensembles. There are two types of phase transition which
are types one and two. The type one is related to changes of signature in heat capacity
and roots of heat capacity are representing phase transitions. The type two is related to
divergency of the heat capacity. It means that the singular points of the heat capacity are
representing the phase transitions. On the other hand, another approach for studying the
thermodynamical behavior of the system is thermodynamical metric. For the first time,
Weinhold introduced a metric on the space of equilibrium states where its components are
given as a second derivatives of internal energy with respect to entropy and other extensive
quantities [12,13]. Then, Ruppeiner introduced a metric which is defined as the negative
second derivatives of entropy with respect to the internal energy and other extensive quan-
tities of a thermodynamical system [14,15]. The Ref. [16] shown that the Ruppeiner metric
is conformal to the Weinhold metric and the corresponding conformal factor is inverse tem-
perature. Due to effective role of these metrics in ordinary thermodynamical systems, they
were employed to study thermodynamic black hole. But these two metrics were unsuccessful
in describing the phase transition of some black holes. Therefore, Quevedo proposed new
type of thermodynamical metrics in which solved some of problems [17,18]. But, this ther-
modynamic metric also had some shortcomings. Hence, Hendi et al. proposed a new metric
which eliminated the problems of previous thermodynamical metrics [19-23]. In Ref [24,25]
authors tried to present the geometric interpretation of the P-V criticality in a general way;
i.e. in a metric independent way. They showed that for any black hole, curvature scalar
(of equilibrium state space geometry) is singular at the point where specific heat diverges.
Also they demonstrated metric (of equilibrium state space geometry) diverges where inverse
specific heat diverges. On other words the singularity of curvature scalar is related to type
two of phase transition and metric singularity describes type one. In this paper, we are
going to investigate the phase transition of charged accelerating AdS black hole by heat
capacity and thermodynamic geometry methods in two phase spaces as nonextended and
extended phase spaces. In order to study two types of phase transition we have to determine
divergence points and roots of heat capacity. Then, we will investigate phase transition in
thermodynamical geometry point of view. We employ two separate approach for geometry
description of the black hole and compar obtained results together.
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2 P - V criticality of charged accelerating AdS black
hole
In this section, we will investigate the P − V criticality and phase transition of charged
accelerating AdS black holes and calculate the critical quantities such as Pc, Tc and rc. To
start, we review some basic thermodynamic properties of charged accelerating AdS black
hole. The corresponding solution is given by [26,27],
ds2 =
1
Ω2
[
f(r)dt2 − dr
2
f(r)
− r2
(
dθ2
g(θ)
+ g(θ)sin2θ
dφ2
K2
)]
, (1)
where
f(r) = (1− A2r2)(1− 2m
r
+
e2
r2
) +
r2
ℓ2
;
g(θ) = 1 + 2mAcosθ + e2A2cos2θ, (2)
where Ω is conformal factor which is given by,
Ω = 1 + Arcosθ, (3)
which determines the conformal infinity or boundary of the AdS space-time. The parameters
m, e and A > 0 are related to the mass, electric charge and the magnitude of acceleration
of the black hole respectively, and also ℓ =
√
−Λ
3
is the AdS radius. By looking at the
angular part of metric and the behavior of g(θ) at poles θ+ = 0 and θ− = π, one can find
the presence of the cosmic string. The regularity of the metric at a pole lead us to arrange
following expression,
K± = g(θ±) = 1± 2Am+ e2A2. (4)
As we see in Eq. (4), for mA 6= 0, one can not fix the K parameter then the regularity exists
at both poles. The lack of regularity at an axis cause the conical singularity. For this reason
K is chosen to regularize one pole, leaving either a conical deficit or a conical excess along
the other pole. Since a conical excess is created by a negative energy object we assume that
the black hole is regular on the North Pole (θ = 0) with K = K+ = 1 + 2mA + e
2A2 and
then on the South Pole axis θ = π there is a conical deficit,
δ = 2π(1− g−
K+
) =
8πmA
1 + 2mA + e2A2
, (5)
which corresponds to a cosmic string with tension µ = δ
8pi
. Now we review the thermodynamic
of charged accelerating AdS black hole. The mass of the black hole M ,the electric charge Q
3
and the electrostatic potential Φ are,
M =
m
K
;
Q =
1
4π
∫
Ω=0
∗F = e
K
;
Φ =
e
rh
, (6)
where F is the electromagnetic field tensor which is related to gauge potential B as,
F = dB , B = −e
r
dt. (7)
The pressure is associated to the cosmological constant,
P = − Λ
8π
=
3
8πℓ2
. (8)
The entropy of black hole is identified with a quarter of the horizon area which is given by,
S =
A
4
=
πr2+
K(1− A2r2+)
. (9)
The mass parameter is determined by the following horizon function,
f(r+) = 0,
m =
3r2+ + (8πP − 3A2)r4+ + 3e2(1−A2r2+)
6r+(1−A2r2+)
. (10)
The Hawking temperature is given by,
T =
f ′(r+)
4π
=
m
2πr2+
− e
2
2πr3+
+
mA2
2π
− A
2r+
2π
+
r+
2πℓ2
(11)
By employing E.q (10), we can compute the Hawking temperature on the horizon. As was
discussed in [24], the temperature T will be infinity when the horizon radius r+ → 1A . To
avoid this singularity, one can consider the value of Ar+ as a constant for simplicity (Ar+=a).
we plot Figure (1) to study the behavior of the temperature. As we see, the temperature is
negative for some range of r+ which is representing a unphysical state. Also we notice that
by increasing mA parameter in range of 0 < mA < 1, the positive range of temperature
(physical state) increases too. Generally, the black hole thermodynamic volume is expressed
as,
V =
∂M
∂P
∣∣∣∣
S,Q
=
4π
3K
r3+
(1−A2r2+)2
. (12)
By rearranging Eq. (11), we obtain the equation of state as,
P =
3T
4r+
− 3mA
8πar2+
+
3e2
8πr4+
− 3amA
8πr2+
+
3a2
8πr2+
, (13)
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Figure 1: Differentiation T with respect to r+ for e = 0.05, P = 0.2, a = 0.4 and different values
of mA.
where the horizon radius r+ is related to the specific volume υ. We draw pressure with
respect to r+ in figure (2). We see that, P − V criticality exists for T < Tc and one can
say the charged accelerating AdS black holes have Van der waals-like behavior. The critical
point occurs in the inflection point of P (r+) which is determined as follows,
∂P
∂r+
∣∣∣∣
r+=rc,T=Tc
= 0 ;
∂2P
∂r2+
∣∣∣∣
r+=rc,T=Tc
= 0 (14)
By using Eqs (13) and (14), we can determine the critical pressure Pc , critical specific
volume rc and critical temperature Tc,
rc =
√
6aeD−
1
2 , Tc =
√
6D
3
2
9πea
3
2
, Pc =
3D2
96πa2e2
, (15)
where D = mA+mAa2 − a3. We can obtain a relation between Pc , Tc and υc = Brc,
Pc υc
Tc
=
9B
32
. (16)
The above product is equal to 3
8
when B → 4
3
. As we know there are several methods to
investigate the thermal stability. One of these methods is the study of heat capacity in the
canonical ensemble (fixed Q). The positivity of heat capacity ensures thermal stability of
system. As regards the change of sign in heat capacity is representing the phase transition
between unstable/stable states. So here, we investigate two types of phase transition as type
one and type two. The phase transition of type one is related to roots of heat capacity. It
means that T = 0 indicate a bound point between unphysical (T < 0) and physical (T > 0)
5
Figure 2: The P − V (r+) diagram for mA = 0.2, e = 0.05, a = 0.4 and different values of T .
region. The phase transition of type two is associated with divergence points of the heat
capacity which is obtained by solving ∂
2M
∂S2
= 0.
CQ = T (
∂S
∂T
)Q =
(∂M
∂S
)Q
(∂
2M
∂S2
)Q
. (17)
We can rewrite the Hawking temperature in terms of the entropy S, pressure P and electric
charge Q as follows,
T =
1
2a
√
KπS(1− a2)(mA(1 + a
2)− πae
2
KS(1− a2) − a
3 +
8PKS(1− a2)
3
). (18)
Then, the heat capacity is,
CQ =
6
√
πST
8P (SK(1− a2)) 12 + 3πe2(SK(1− a2))− 32 − 3√πT
. (19)
We plot the behavior of the heat capacity in Fig.3 and show two types of phase transition.
As we see, the heat capacity will be divergent by increasing K parameter this lead us to
have type two of phase transition. We also draw differentiation of heat capacity with respect
to entropy for zero accelerating parameter in fig (4). As we see, type one of phase transition
occurs for larger entropy than previous case (nonzero accelerating parameter) but type two
exits for smaller entropy than nonzero case.
3 Thermodynamic geometry and phase transition
Another approach to study the thermodynamical behavior of the system is the thermody-
namic geometry. This method requires to an appropriate metric by using thermodynamical
6
Figure 3: Left plot: CQ with respect to entropy S for K = 1.1, P = 0.5, e = 0.05, mA = 0.08 and
a = 0.4; Right plot: CQ with respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and
a = 0.4
Figure 4: Left plot: CQ with respect to entropy S for K = 1, P = 0.01 and A = 0 ; Right plot:
CQ with respect to entropy S for K = 1, P = 1 and A = 0
7
quantities. For building a suitable metric, one can employ a thermodynamical potential with
specific set of extensive parameters. Then by calculating Ricci scalar of introduced metric
and determining divergency points, one can investigate both two types of phase transition. It
was demonstrated that the obtained result is similar to the result of heat capacity. It means
that divergence points of Ricci scalar and divergence/zero point of heat capacity are coincide.
As mentioned in introduction, there are several method to build geometry spacetime such as
Weinhold, Ruppeiner, Quevedo and HPEM metric. We first review four mentioned metric
and investigate phase transition of charged accelerating AdS black hole in nonextended phase
space and extended phase space. Then we will compare the results with heat capacity and
will find suitable metric for studying phase transition of charged accelerating AdS black hole.
3.1 Nonextended phase space and thermodynamic geometry
As mentioned, we consider the electric charge as a fixed parameter in the phase transition
of heat capacity in canonical ensemble. But it may be a extensive variable to build ther-
modynamic metric. For charged accelerating AdS black hole in nonextended phase space,
we assume the pressure as a fixed thermodynamical quantity and consider the total mass as
thermodynamical potential and entropy and electric charge as extensive parameters. Now
we want to study the phase transition of charged accelerating AdS black hole by the above
mentioned thermodynamic metrics.
3.1.1 Weinhold metric
The first geometric formulation was introduced by Weinhold. He defined thermodynamical
metric as the second derivative of the mass (internal energy) with respect to the entropy and
other extensive parameters. The Weinhold metric is given by,
dS2R = g
W
ij dX
idXj, (20)
where
gWij =
∂2M(Xk)
∂X i∂Xj
; X i = (S,Na), (21)
where S is the entropy and Na determines all other extensive variables of the system. For this
solution of black hole we can consider the mass as a function of entropy S and electric charge
Q. But there is a significant matter where differentiation of mass will be not straightforward
here. Because first law of thermodynamics will be satisfy with two constraints for accelerating
black hole. These two conditions imply thatmA and eA are unchanged, hencemδA = −Aδm
and eδA = −Aδe. Therefor, one can obtain differentiation of mass with respect to entropy,
8
Figure 5: Left plot: RW (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RW (solid line) and CQ (dot line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
charge and pressure as follows,
∂m
∂S
= −m
A
∂A
∂S
∂m
∂e
= −m
A
∂A
∂e
∂m
∂P
= −m
A
∂A
∂P
, (22)
where ∂A
∂e
= −A
e
.
M(S,Q) =
1
6πC2
(3CS
1
2 + 8πPC
1
2S
3
2 − 3Ca2S 12 + 3CπKe2S− 12 ), (23)
where C = (K(1−a
2)
pi
)
1
2 . By using Eqs. (21) and (23), we can find the following expression for
the denominator of Weinhold Ricci scalar,
denom(RW ) = (MSSMQQ −M2SQ)2M2(S,Q). (24)
We draw Weinhold Ricci scalar with respect to entropy, as we see in Fig.5 the divergent
point of Weinhold Ricci scalar does not coincide with divergent/zero point of heat capacity.
Therefore this metric can not describe none of two types of phase transition for this black
hole.
9
3.1.2 Ruppeiner metric
The second metric formulation of thermodynamic geometry was presented by Ruppeiner.
This metric is defined as the second derivative of the entropy with respect to the internal
energy and other extensive variables. The Ruppeiner metric is defined as
dS2R = g
R
ijdX
idXj, (25)
where
gRij =
∂2S(Xk)
∂X i∂Xj
; X i = (U,Na), (26)
where U is the entropy and Na determines all other extensive variables of the system.
The Ruppeiner’s metric is conformally equivalent to Weinhold’s metric with inverse of the
temperature as the conformal factor.
dS2R =
dS2W
T
. (27)
One can find the following relation for Ruppeiner Ricci scalar
denom(RR) = (MSSMQQ −M2SQ)2T (S,Q)M2(S,Q). (28)
In figure (6), we have plotted Ruppeiner Ricci scalar with respect to entropy. We notice
that divergence point is not identical to divergence/zero point of heat capacity, hence this
metric is not able to describe the phase transition of this black hole solution.
3.1.3 Quevedo metrics
As we know the Ruppeiner metric and Weinhold metric are not invariant under Legendre
transformation. For this reason Quevedo introduced a metric which was Legendre invariant
in the space of equilibrium state. The Quevedo have two kinds of such corresponding metrics
which are given by,
dS2R = g
Q
ijdX
idXj, (29)
where gQij is,
g
Q
ij = Ω
( −MSS 0
0 MQQ
)
(30)
with
Ω =
{
SMS +QMQ case I
SMS case II .
(31)
The denominator of Quevedo Ricci scalar is expressed as follows,
denom(RQI) = (SMS +QMQ)
3M2SSM
2
QQ. (32)
denom(RQII) = S
3M3SM
2
SSM
2
QQ. (33)
We show the Ricci scalar behavior of Quevedo metrics with respect to entropy in figures (7)
and (8). We see that both metrics are unable to describe phase transition of this black hole.
10
Figure 6: Left plot: RR (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RR (solid line) and CQ (dot line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
Figure 7: Left plot: RQI (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RQI (solid line) and CQ (dot line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
11
Figure 8: Left plot: RQII (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RQII (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
3.1.4 HPEM Metric
In 2015 Hendi and others expressed a new metric which contained both types of phase
transition and rectified shortcomings of the three previous metrics. So, HPEM metric is
given by,
gij =
SMS
M3QQ
( −MSS 0
0 MQQ
)
(34)
By calculating Ricci scalar, we can obtained its dominator as follows,
denom(RHPEM) = S
3M3SM
2
SS. (35)
We draw HPEM Ricci scalar with respect to entropy in Fig.9 and see the divergence points
exactly coincide with divergence points of heat capacity but this points are not identical to
zero point of heat capacity. Then one can say this metric just can describe type two phase
transition.
3.2 Extended phase space and thermodynamic geometry
In this section, we are going to extend our phase space by considering the pressure P as
an extensive parameter and explore it,s effects on different approaches of thermodynamic
geometry. In this case thermodynamical space transform from M(S,Q) to M(S,Q, P ). So,
the Weinhold, Ruppeiner, Quevedo and HPEM metrics are modified following expressions,
12
Figure 9: Left plot: RHPEM (dash line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RHPEM (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
Figure 10: Left plot: RW (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RW (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
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Figure 11: Left plot: RR (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RR (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
dS2W =Mg
W
ij dX
idXj Weinhold
dS2R = −
M
T
gRijdX
idXj Ruppeiner
(SMS +QMQ + PMP )(−MSSdS2 +MQQdQ2 +MPPdP 2) QuevedoI
SMS(−MSSdS2 +MQQdQ2 +MPPdP 2) QuevedoII
SMS
M3QQ
(−MSSdS2 +MQQdQ2 + dP 2) HPEM (36)
By calculating Ricci scalar of these metrics and their specific structures, one can obtained
the denominators of Ricci scalar into following forms,
−2M3(M2QPMSS +M2SQMPP +M2SPMQQ −MSSMQQMPP − 2MSQMSPMQP )2 Weinhold
−2M3T 3(M2QPMSS +M2SQMPP +M2SPMQQ −MSSMQQMPP − 2MSQMSPMQP )2 Ruppeiner
2M2SSM
2
QQM
2
PP (SMS +QMQ + PMP )
3 QuevedoI
2S3M2SSM
2
QQM
2
PPM
3
S QuevedoII
S3M3SM
2
SS HPEM (37)
In case of extended phase space, the mass of black hole is a function of entropy S, pressure
P and electric charge Q,
M(S,Q, P ) =
1
6πC2
(3CS
1
2 + 8πPC
1
2S
3
2 − 3Ca2S 12 + 3CπKe2S− 12 ), (38)
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Figure 12: Left plot: RQI (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RQI (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
where C = (K(1−a
2)
pi
)
1
2 . By employing Eq.(22), one can determine derivation of mass with
respect to entropy, charge and pressure. We will be able to describe phase transition in
extended phase space by drawing deafferentation of Ricci scalar for each of metrics. As
we see from figures (10-13), Weinhold, Ruppeiner and QuevedoII metrics are not suitable
candidate to study phase transition for this phase space. But QuevedoI metric can describe
type two of phase transition. The Eq.(38) shows that denominator of HPEM Ricci scalar is
identical to nonextended case and as mentioned in pervious section this metric only describe
type two phase transition. As we see none of the metrics describe type one phase transition.
Then we employ another approach to describe this type of phase transition which is geometric
description of critical conditions.
4 Thermogeometry in a unified framework
The black hole thermodynamic is similar to usual thermodynamic. Specially, when the
cosmological constant treat as pressure the P-V diagram of the AdS black holes at constant
temperature and charges is identical to van der Waals diagram. In ref [25], authors tried
to define thermogeometrical metric by geometrical interpretation of two critical conditions
where the defined metric was Legendre invariant. They expressed two independent metrics
corresponding to these critical conditions where the obtained Ricci scalar of these metrics
will be divergent at critical point.
For the first condition, they considered the Helmholtz free energy as the appropriate quantity
to define thermogeometrical metric and expressed a thermodynamic phase space τ with the
15
Figure 13: Left plot: RQII (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: RQII (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
coordinates ZA = {F, X˜a, P˜ a} where X˜a = {V, T, Yi} are the thermodynamic variables and
P˜ a = {FV = −P, FT = −S, FYi = Xi} are the the conjugate variables. Also, they defined a
subspace ξ with coordinates of X˜a which is mapped to τ with ϕF : ξ → τ . The subspace ξ
is called the space of equilibrium states if ϕ∗F (θF ) = 0. The Legendre invariant metric on τ
space is written as
G
(PV )
1 = θ
2
F + (−PV − ST +
∑
i
XiYi)(dPdV − dSdT +
∑
i
dXidYi). (39)
The induced metric on ξ by using g
(PV )
1 = ϕ
∗
F (G
(PV )
1 ), is expressed as,
g
(PV )
1 = (−PV − ST +
∑
i
XiYi)(−FV V dV 2 + FTTdT 2 +
∑
i,j
FYiYjdYidYj + 2
∑
i
FTYidTdYi)
(40)
Where Xi is the potential corresponding to the charge Yi. For example Xi and Yi are
electromagnetic potential and electric charge respectively for charged black hole. The metric
coefficients can be identified as,
f(V, T, Y ) = FV V (V FV + TFT + Y FY );
g(V, T, Y ) = FTT (V FV + TFT + Y FY );
A(V, T, Y ) = FY Y (V FV + TFT + Y FY );
h(V, T, Y ) = FTY (V FV + TFT + Y FY ). (41)
The Ricci scalar diverges as O( 1
f2
). By employing the first law of the black holes under the
AdS background and Helmholtz free energy relation (F =M − PV − TS), the first critical
16
condition is satisfied as ∂P
∂V
= −FV V . For geometrical description of second condition, the
pressure is considered as proper thermodynamic quantity (instead of F ). Like the previous
case, a thermogeometrical metric is defined on a thermodynamic phase space τ with the co-
ordinates ZA = {P, X˜a, P˜ a} where X˜a = {V, T, Yi} are the variables and P˜ a = {PV , PT , PYi}
are the corresponding conjugate quantities of those variables. Again one can define the sub-
space ξ having the coordinates X˜a with a smooth mapping ϕP : ξ → τ . In this case Eq.
(38) is converted to,
G
(PV )
2 = θ
2
P + (V PV + TPT +
∑
i
YiPYi)(−dV dPV + dTdPT +
∑
j
dYjdPYj ). (42)
For g
(PV )
1 = ϕ
∗
P (G
(PV )
1 ), one obtains
g
(PV )
2 = (V PV +TPT +
∑
i
YiPYi)(−PV V dV 2+PTTdT 2+
∑
j,k
PYjYkdYjdYk+2
∑
l
PTYldTdYl).
(43)
The Ricci scalar corresponding to the metric is divergent as R
(PV )
2 ∼ O( 1P 2
V V
). Now we are
going to employ these metrics and investigate phase transition of charged accelerating AdS
black hole. The conjugate variables for the invariant θF picture can be written as,
P =
3T
4CV
1
3
− 3mA
8πaC2V
2
3
+
3e2
8πC4V
4
3
− 3amA
8πC2V
2
3
+
3a2
8πC2V
2
3
;
φ =
KQ
CV
1
3
; S =
π
K(1− a2)C
2V
2
3 ;
F = −3T (2 + a
2)V
2
3
4C
+
KQ2
CV
1
3
− 9K
2Q2
8πC4V
1
3
+
9DV
1
3
8πaC2
. (44)
where
D = mA+mAa2 − a3. (45)
with the relation of the event horizon radius r+ = CV 1
3
, where C = (3K(1−a
2)2
4pi
). Since in this
case FTT = 0 = FTQ, the thermogeometrical metric (39) is reduced to,
g
(PV )
1 = −f(V,Q)dV 2 + A(V,Q)dQ2, (46)
which is a two dimensional metric and the Ricci-scalar is determined easily as following,
R
(PV )
1 =
1
2f 2A2
[f(fQAQ −A2V ) + Af 2Q − fVAV − 2f(fQQ −AV V )]. (47)
The geometrical metric in the invariant θP picture is given by,
g
(PV )
2 = −h(V,Q)dV 2 + ω(V,Q)dQ2, (48)
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Figure 14: Left plot: R1 (dot line) and CQ (solid line) with respect to entropy S for K = 1.1,
P = 0.5, e = 0.05, mA = 0.08 and a = 0.4; Right plot: R2 (dot line) and CQ (solid line) with
respect to entropy S for K = 1.2, P = 0.05, e = 0.05, mA = 0.1 and a = 0.4.
with
h = PV V (V PV + TPT +QPQ);
w = PQQ(V PV + TPT +QPQ). (49)
By calculating the Ricci-scalar, we achieve to the following expression,
R
(PV )
2 =
1
2h2w2
[h(hQωQ − ω2V ) + wh2Q − hV ωV − 2h(hQQ − wV V )]. (50)
We draw R1,2 − S diagram in figure (14). We notice that, Ricci scalar singularity coincide
with divergent point of heat capacity. Then this approach can describe type two phase
transition correctly. The metric of equilibrium state space geometry should be divergent to
have type one phase transition. Since a metric singularity may be a coordinate artifact, one
can say actual black hole phase transition is heat capacity divergent.
5 Conclusion
In this paper, we studied P − V criticality for the charged accelerating AdS black hole and
determined critical quantities and relation between them. We also investigated phase tran-
sition by two approaches as heat capacity and thermodynamic geometry for corresponding
black hole in two separate phase spaces as nonextended and extended. From heat capac-
ity point of view, we obtained two types of phase transition as type one and type two.
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Then, we employed thermodynamic geometry approach and investigated the phase tran-
sition by two different geometry methods. We used several thermodynamic metrics such
as Weinhold, Ruppeiner, Quevedo and HPEM and determined Ricci scalar and divergence
points for these metrics. We compared the obtained results with heat capacity results. In
studying thermodynamic geometry in nonextended phase space, we notice that Weinhold,
Ruppeiner, QuevedoI and QuevedoII metrics are not suitable candidates for investigating
phase transition for corresponding black hole. Because their divergence points don’t coincide
with divergence/zero points of heat capacity. But HPEM metric was able to described type
two of phase transition correctly. Then, we extended the thermodynamic phase space by
considering pressure as extensive parameter and explored its effect on phase transition. We
have shown that the QuevedoI and HPEM metric results are physical consistent with phase
transition of heat capacity and their divergence points are same as divergence points of heat
capacity in extended phase space. Afterward, we investigate thermodynamic geometry in a
metric independent way that in fact is geometrical description of two critical condition. We
showed that curvature scalar (of equilibrium state space geometry) is singular at the point
where heat capacity diverges.
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